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! Abstract 

o 
o 

' Lagrangians L and L(R) with L = 2R/G 3 — 3L/G 4 , gij = G 2 

and R = 3R/G 2 — AL/G 3 give conformally equivalent fourth-order 



o 



X 



We prove that for non-linear L = L(R), G = dL/dR ^ the 



field equations being dual to each other. The proof represents a new 
application of the fact that the operator □ — ^ is conformally invariant. 



cr 

Gen. Rel. Grav. in print; 



KEY: Conformal relations in fourth-order gravity 

1 Introduction 

Higher-order theories, especially fourth-order gravity theories, are subject 
to conflicting facts: On the one hand, they appear quite naturally from 
generally accepted principles; on the other hand, they are unstable and so, 
they should be considered unphysical. 

Nevertheless, from time to time one can find a statement like: "Whichever 
turns out to be the real theory of gravitation, the corresponding low-energy 
effective Lagrangian will probably contain higher derivative terms." [1], so 
it makes sense to elucidate the structure of such theories without specifying 
a concrete physical context. 



1 



In set. 2, we shortly review some classes of conformally related theories, 
especially, to show the difference to our new approach of set. 3. 

Set. 3 deals with fourth-order gravity following from a non-linear La- 
grangian L(R). The conformal equivalence of these theories to theories of 
other types is widely known, but the conformal equivalence of these theo- 
ries to theories of the same type but with different Lagrangian is much less 
known. We fill this gap by proving a duality theorem between pairs of such 
fourth-order theories. 



2 Conformally related theories 

In Rainich (1925, ref. [2]) the electromagnetic field was calculated from the 
curvature tensor. This was cited in Kuchar (1963, ref. [3]) as example for 
the geometrization programme; in [3] on meson fields ip (now called scalar 
fields), Kuchar gives a kind of geometrization by using a relation between ip 
and R, then he gets the equation 

k 2 

OR R = 

2 

which is of fourth order in the metric. This is the trace of fourth-order 
gravity as we are dealt with, but he did not deduce it from a curvature 
squared action. 

In Bekenstein (1974, ref. [4]) the conformal transformation from Ein- 
stein's theory with a minimally coupled (0) to a conformally coupled (ip) 
scalar field is proven where additional conformally invariant matter (radia- 
tion) is allowed. For 8nG = 1 one has 

ip = v / 6tanh(0/v / 6) 

If radiation is absent and <fi ^ then it works also with "coth" instead of 
"tanh". This is reformulated in his theorem 2: If and ip form an Einstein- 
conformal scalar solution with ip 2 ^ 6, then = ^ 2 gij and ip = 6/tp form 
a second one. One can see that this is a dual map because by applying the 
operator " twice, the original solution is re-obtained. 
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Let us comment this theorem 2: For the conformal scalar field one has 
the effective gravitational constant C e // defined by 

1 = x _ f_ 

8nG eff 6 

A positive value G e ff implies a negative value G e ff and vice versa. By 
changing the overall sign of the Lagrangian one can achieve a positive effective 
gravitational constant at the price of the scalar field becoming a ghost (wrong 
sign in front of the kinetic term). So, Bekenstein has given a conformal 
transformation from Einstein's theory with a conformally coupled ordinary 
scalar field to Einstein's theory with a conformally coupled ghost. From this 
property one can see that this duality relation is different from the duality 
theorem to be deduced at in set. 3, because there are no ghosts at all. 

Later but independently of [4] the conformal equivalence between mini- 
mally and conformally coupled scalar fields with G e // > was generalized 
in [5] by the inclusion of several self-interaction terms. Cf. also ref. [6] for 
further generalizations to arbitrary coupling parameter £ and higher dimen- 
sions. 

The conformal transformation from fourth-order gravity to Einstein's 
theory with a minimally coupled scalar field was deduced in several steps: 
Bicknell (1974, ref. [7]) found the transformation for L = \R 2 ] the conformal 
factor is \R\, and after the transformation, which is valid for R ^ 0, one 
gets Einstein's theory with non-vanishing A-term and a massless minimally 
coupled scalar field as source. 

Similar results for L(R) and conformal factor |^|| have been deduced in 
[8], where ^ ^ and 



have to be fulfilled. The second paper of ref. [8] generalized the conformal 
transformation to more general tranformations of the metric. Later on and in 
a different context (metric-affine theories) such transformations have been 
considered also by Jakubiec and Kijowski [9]. Ref. [10] generalized these 
conformal transformations by the inclusion of non-minimally coupled scalar 
fields. In [6] it is noted that it may happen that one singular and another 
non-singular model may be conformally related. Magnano and Sokolowski 
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[11] discuss which of the conformally related frames can be considered to be 
physical. 



3 A duality theorem 



Let us now deduce the duality theorem announced in the introduction which 
shall close a gap in the set of the aforementioned results. Two predecessors 
exist already: 

Buchdahl (1978, ref. [12]) showed: For L = \R 2 the conformal factor R 2 
(if it is 7^ 0) transforms solutions to solutions and represents a dual map in 
the set of solutions. (Another conformal factor than in ref. [7], cf. set. 2). 

Ref. [13] generalizes this dual map to other non-linear Lagrangians 
L{R) = ~^y[R k+l , (where k ^ —1, 0), the conformal factor being R 2k , 
and R is supposed to be different from zero. (Again, this conformal factor 
is the square of that conformal factor which is necessary to transform to 
Einstein's theory with a minimally coupled scalar field.) 

3.1 The general 4— dimensional case 

Let us now start with the key element of the deduction. For a metric gij and 
a scalar G^O we define the conformally related metric 



Our strategy is to develop the hat A to a duality operator: Every valid state- 
ment shall remain correct if all hats are removed and all formerly unhatted 



9ij — G 



(1) 



quantities get a hat. For eq. (1) this means = G 2 



g^. So duality requires 



G G = 1 



(2) 



implying G ^ 0. For 



R 

□ = □ 

6 



the validity of 



G 3 ~n c = a c G 



(3) 
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reflects the conformal invariance of the operator D c if applied to any scalar 
X- Now we apply eq. (3) to the constant scalar x = — 6 and get 

G 3 R = GR-6DG (4) 

Duality implies 

G 3 R = GR - 6~OG (5) 

Now we are prepared to consider a gravitational Lagrangian L = L(R) where 
L is a smooth function (or, at least C 3 -differentiable). We define G = ^ 
and H = and restrict to an R- interval where GH ^ 0. Then L gives rise 
to a fourth-order field equation. We decompose this equation into the trace 

3DG = 2L-GR (6) 

and the trace- free part. The latter is equivalent to require that the trace-free 
part of the tensor GRij — G ;i j vanishes. We insert eq. (6) into eq. (4) and 
get 

7? - 3R 41 (7) 

The dual to eq. (7) reads 

fl = ^-^ (8) 
G 2 G 3 

For R we insert the expression (7), for G we use eq. (2), and then we can 
solve eq. (8) for L as follows 

Applying ^ to eq. (7) we get 

with the consequence that ^ ^ if and only if 

G 2 ^6H(2L-GR) (11) 

Let (11) be fulfilled in the following, then eq. (7) can be locally inverted as 
R = R(R) and with (9) we get L = L(R). It is useful to make the following 
consistency test: Calculate 

~dR~dR" [dR 



5 



via eqs. (9), (10); one gets G = consistent with eq. (2). The analogous 
consistency takes place with the fourth-order field equation. This proves the 
following 

Theorem: Let be a solution of the field equation following from L(R) 
then (jij is a solution for L(R). 

The duality theorem deduced above is a method to construct new so- 
lutions of fourth-order gravity from known solutions of a (possibly other) 
fourth-order theory. 

This theorem is most powerful if applied to solutions with non-constant 
value R; the reason is obvious: On the one hand, the solutions with con- 
stant R are identical to solutions of Einstein's vacuum equation with suitably 
chosen cosmological term, and, on the other hand, the conformal factor is 
constant for this case. 

If we replace L(R) by c • L(R) then L(R) is changed to L(R/c 2 )/c 3 . So, 
up to a scale-transformation, nothing is changed. 

L and L represent the same function if and only if the corresponding 
potential V(<&) is an even function in $ (in that conformal picture where 
Einstein's theory with the minimally coupled scalar field $ and potential V 
is applied, cf. refs. [8]). 



3.2 Special examples 

For L = |i? 2 we get G = R, = R 2 gij, i.e., only the range R ^ is allowed. 

The trace eq. (6) reduces to OR = 0; and eq. (4) can be written as 

a 1 6 
R = — - —OR 
R R 

an identity which might be useful in another context, too; it has the following 
corollary: Let R ^ and = R 2 gij. Then the following 3 equations are 
equivalent: 

OR = 0, "DR = 0, RR=1 

Now let L = j^\R\ k+l with R and k ^ -1,0. k = 1 leads to the 
above case. We have G = ±\R\ k where the lower sign corresponds to the 
case R < 0. We get 

9ij = 1-^1 9ij 
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and 

^ 3k -1 R 
Requirement (11) reads 1 ^ 6k ■ and implies k ^ |, \ . We get 



f 2k -1 \R\ A . 



with k = j~T/k an< ^ a cer tai n c(fc) 7^ 0. The restrictions k 7^ —1,0 are 
immediately clear because L(R) has to be nonlinear in R. To elucidate the 
restrictions k 7^ |, \ we rewrite eqs. (7)/(9) as follows which is valid in the 
range R > (i? < is quite similar to deal with) 

k = %r^ (^3) ( 12 ) 

and 

f 2i? 5 / 2 d ( L \ 

L - ~g^jr Km) { 3) 

So, for fc = I we get i? = 0, for k = \ we get L = 0. 

A new example reads as follows: Let L = — 1), and let R > 0. We 

get G = i? 1/3 , £ = ^ and L(i2) is the same function as L(i2). So it holds: If 
gij is a solution of the corresponding field equation with R > then R^g^ is 
a solution, too. (In the conformal picture with Einstein's theory this example 
corresponds to a potential V(<&) which is a multiple of cosh(^8/3$).) 

3.3 Generalization to higher order and higher dimen- 
sion 

In [14], the conformal invariance of the operator D defined by 



D = D 2 + 2R ij V i V j - -RD + -i? ;i V 



2 r, 1 

-RD + -. 

3 3 

2, 



in four dimensions was shown. More detailed: Let = G then 

G 4 D = D 

if applied to arbitrary scalars. It would be interesting to look whether this 
identity has similar consequences as eq. (3). 
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Up to now, we have considered the 4-dimensional case only. Let us give 
the corresponding result for an arbitrary dimension n > 3. We get 

□ c = □ - £R 

where £ = 4 ^~ 2 ^ , and we follow the route sketched in ref. [15], set. 3 and in 
Maeda ref. [10]. We replace eq. (1) by 

9a = G^ n -V 9iJ (14) 

for any non-vanishing scalar G. Without loss of generality we may assume 
G > (for, otherwise, we might replace L by — L ), and we keep G — 
H = jjp y£ 0, G — 1/G. The trace-free part is again equivalent to require 
that the trace-free part of the tensor GRij — G ;i j vanishes. However, the trace 
of the field equation following from L(R) changes and is equivalent to 

(n-l)DG = -L-GR (15) 

in place of eq. (6). Eq. (3) has to be replaced by (cf. e. g. [6] to see how to 
calculate the necessary powers of G) 

G (n+2)/(n-2) ^ = ^ 

We apply eq. (16) to the constant scalar — 1/£ and get instead of eq. (4) 
now 

G (n+2)/(n-2)£ = QR-jUG (17) 

We insert eq. (15) into eq. (17) and get 

R = G -(n+2)/(n-2) ( !Ltl RG _ A (1 8 ) 

Vn-2 n-2 J v 1 

in place of eq. (7). The dual to eq. (18) reads 

R = C-(n+2)/(n-2) / ViIIrQ - -^l) (19) 

Vn-2 n-2 J y J 

and so we get in place of eq. (9) now 

I = G -<»+2)/<»-2) ( J_ R _ !L+2 . L\ 

Vn-2 n-2 GJ y ' 
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Applying to eq. (18) we get 



ff±± = G -(n+2)/(n-2) 

dR 



H{n + 2) (2nL 




(21) 



(n-2) 2 V G 



So we suppose the r.h.s. of eq. (21) to be unequal zero. With these conditions 
the theorem of set. 3.1. keeps valid. 

4 Discussion 

The duality operator was introduced in set. 3.1 to simplify the deduction 
of a fourth-order gravity result, however, it seems to be applicable to other 
situations, too. 

Let us give a non-trivial application for fourth-order gravity (it is the last 
example of subsection 3.2. but now restricted to the range R < 0). We have 



R = 1/R, and L coincides with L. To find out all solutions with R < 
following from the corresponding field equation it suffices to determine 
all solutions fulfilling — 1 < R < 0. The duality = (— i?) 2 / 3 ^ then 
gives rise to all the solutions fulfilling R < — 1, and they may be matched 
together smoothly at the hypersurface R — —1. So, e.g. the behaviour near 
a singularity R — > — oo can be studied by considering the solutions in the 
finite i?-interval — 1 < R < 0. Finally, it might be interesting to observe 
that the de Sitter space-time with Hubble parameter h = l/(2\/3), i.e., with 
R — —1 is an attractor solution for this field equation (at least within the 
set of spatially flat Friedman models.) 
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